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Abstract: This paper investigates the validity of an integral representation formula for a vector function satisfying a first-order
elliptic system with constant coefficients in an unbounded domain of layer type. The study builds upon earlier results concerning
bounded domains, extending the applicability of such formulas to broader unbounded settings. Drawing from foundational works by
Tarkhanov, Yarmukhamedov, and Bitsadze, the authors present a rigorous framework to validate the integral formula under growth
conditions imposed on the solution and the domain boundary. The proof is structured through the introduction of specially
constructed entire functions and asymptotic estimates, which guarantee the convergence of the integral representation. Two theorems
are proved: the first establishes the formula’s validity for vector functions with controlled growth inside the domain; the second
generalizes the result to more inclusive function classes with boundary growth conditions. The results contribute to the theory of
elliptic systems by providing tools for solving boundary value problems in more complex, unbounded geometries.
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INTRODUCTION

This paper considers the validity of an integral representation formula in an unbounded domain for a growing
vector function satisfying a first-order elliptic system with constant coefficients. The integral formula serves
as a fundamental tool for solving various boundary value problems for systems of equations.

In a bounded domain, an integral representation formula for a vector function satisfying a first-order elliptic
system with constant coefficients was proved by (Tarkhanov, N. N. 1980).

For the Laplace equation, an integral formula in an unbounded domain within the class of growing functions
was established by Sh. Yarmukhamedov (Yarmukhamedov, S. H. 1981).

Many mathematical problems are solved using integral formulas both in bounded and unbounded domains.

A spatial analogue of the Cauchy-type integral was studied by A.V. Bitsadze (Bisadze, A.V. 1953). A similar
integral formula for the three-dimensional Cauchy—Riemann system in a bounded domain was presented in
the book by A.V. Bitsadze (BisadzeM, A.V. 1984). In four-dimensional space, an integral formula for the
Cauchy—Riemann system was given in the work of V.S. Vinogradov (Vinogradov, V. S. 1964).

Let the following designations be used:

2

x=(x1,x2,...,xn),y=(y1,y2,...yn),r=\/(y1—x1)2+(y2 —x2)2 +ot (v —x,)"

xl =(x1,x2,...,xn71),y1 =(y1,yz,---,yn,1),05 :\/(yl_x]_)z +(y2 _)“-2)2 +""(yn—1_xn—1)’

o= +a +y,
U(x)=(u1(X),uz(x),---,um(x))f,mZn,iz[8 o 0 J

o oy oy, ox,
E(x) - is a diagonal matrix of size mxm ul = (1,1, ...,1) m — is dimensional vector
Let 4, (xT ),Z 2n,m 2 n denote the class of matrices D(XT ) € 4, (xT ) whose elements are linear

functions with complex coefficients satisfying the condition, where

D*(x' ) is the Hermitian adijoint of the matrix D (XT ) .
Let G C ﬁn be a simply connection bounded domain with a smooth boundary.

In the domain G, a system of differential equations of the form
D — |u(x)=0,xeG, (1),
OX
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where D(X) € 4,, (xT )

If u(x):Cl(G)ﬂC(E) satisfies system (1) in the domain G then the following integral
representation formulas holds:

u(x):jM(x,y)J(y)dsy,XEG, ),

where M (X, Y) {E(ﬁg jD*(%DD(ﬂ ) 3).

Problem Statement. This work establishes the validity of the integral formula (2) for growing solutions of
elliptic systems with constant coefficients in an unbounded domain of layer type.

To prove the integral formula, the following function is introduced in (Yarmukhamedov, S. H. et al., 1992).

Let K (W),W: U+1IV (U,V —real-valued) be an entire function, real-valued rof real W, satisfying the
condition

sup
K(u)io,vzl‘vpr(w)‘z M (p,u) < o0,—00 < U <o,

S

az:(yl—xl)z+(y2—x2)2+...+(ym_1—xm_1)2,r:\y—x\, "
X= (X X000 X ) Y = (Yir Yoo Y ) €RT, M2 2,

sup
v>1
The function @(y,x) for o > O is defined as follows.

If M=2, then
= Klivu*+a® +y
27rK(X2)cD(y,x)—Jlm_( ) ua

y (5)
0 WU +al+y, - X VUl +a?

If Mm=2n+1.n>1 then
anfl © K(i\/u2+a2 +ym) du
C.K(X,)P(y,x)=——=|IM (6)
()2 (.5) 0s l'([ iNu+a’® +y —x Ju?+a?

Where
C,=(-1)"2"(m-2)zw,(2n-1)!,
If Mm=2n,n>2, then

‘vKl(w)‘z M, (u)<oo,m=2

ot K(ia+y,
e

™
)

Where,

C,= (—1)”71(n ~1)(m—2)a, ,®, — is the surface area of the unit sphere in R™.
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In paper (Yarmukhamedov, S. H. et al., 1992)., it is shown that the function CD(y,x) can be represented in
the form

@(y,x)z%ln%ﬂ//(y,x),m:l
2-m (8)

' +l//(y,x),m23,

w,(m-2)
where z//(y, X)— is a harmonic function everywhere in R™,m>2 is variables y ,including the point
y =X

Let the domain G be an unbounded domain with a piecewise smooth boundary. Let K r denote the ball of

(D(y,x):

radius R centered at the origin, and letG, = G (1 K,G;” =G \ K. The integral formula is valid in the
unbounded domain G if the following condition is satisfied:

|im I M(X,y)u(y)dsy:O,XeG, 9)

R—w aGRoo

Indeed, in the domain G, the integral formula for the solution of system (1) is applied.

u(x)::LM(x,y)u(y)dsy: I M (x,yu(y)ds, + I M (x,yu(y)ds,,xeG (w0)

oG 0GR
Considering equality (9) and taking the limit in equality (10), the integral formula in the unbounded domain
follows.

Consider the case when the domain Gp,p>0,lies within a layer of minimal width h,

0<y,<h,h=—,p>0 ,and the boundary of the domain G extends to infinity. Assume that for some

b, >0 the surface area of the boundary satisfies the  growth  condition.

'[ exp{—boch,oO M}ds <w0,0< p, < p, (11)
oG

Theorem 1. Let u(x) =C! (G) NC (6) satisfy system (1) in the domain G , and also satisfy the growth
condition.
u(y)|<Cexp|expp,|y|].p, < p.yeG,
(12)

22 2 2
V] =Y+ Y+ ¥
Then the integral formula (2) holds in the unbounded domain G .
Proof. Let the function K (W),W =U + 1V be an entire function, when & > Qin (5), (6), (7) we choose it
as follows.
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exp{aw—bchipl(w—gj—blchipo(w_gﬂ
(w-x, +3h)"
W:ym+i\/u2+a2,0<p1<p,0<xm<h,b>0, (A)

h -1
b, > bo(cos,o0 E) :

£ — anon-negative integer, K — a natural number,

K(w)=

Then we denote the function CD(y, x) as (D(y,x) =D (y,x)
When M = 2, we have.

. exp{O'W—bChipl(W—hj—blchipo(w_hﬂ
ZﬂK(xz)cb(y,x):J'"n 2 2 udu
0 (iVu® + a? +y2—X2)(W—X2+3h) JuZ+ o
h h
exp{cyx2 —bcos,ol(x2 _Zj — b, cos p, (xz - 2)}

K -
(2) 3n
When m=2n+1n2>1,

L. exp O'W—bChipl(W—hj—blchipo(w_hj
CmK(Xm)@(y’x): a:n—lj.lm 2 k2 du
e N Y SV RIS SN T

exp{axm — bchi,ol(xm —2} — blchipo(xm _gﬂ
)= s=ivul+a® +y_,(14)

(3n)

(13)

K(x

m

When M =2n,N > 2 we have

s exp{a(ia fy)- bchipl(ia iy —2) _ blchipo(ia iy —gﬂ
Im

C.K(X,)@(y,x)=——
(%) () s alia+y, -, )(ia+Yy, — %, +3h)"
h h
exp| ox, —bcosp| X, 5 —b, cos p,| X, 5
K(X,)= - s=a’,(15).
(3h)
To prove the theorem, we will show that condition 9 is satisfied.

For this, we estimate the integral representation of the solution to system (1) in the domain GR .
The integral formula is composed of a superposition
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%?;’x)uj (y),i :1,_, j :l,_m expression.

To estimate the above expression, we use the inequality.

Z _p_lh &(y hj<&h<£ 0<p <p
m 25 1 ’

(16)

Consequently, we have the following inequalities.
h h

COS oy | Vi —3 2005,005250 >0,

(17)
h h

CosSp;| Yn —3 2003,015250 >0,0< py, 0, <p

When Xe G,y =0,y e GG is fixed, we obtain asymptotic estimates for the function @_ (y,x)
and its derivatives.

‘CDG (y,x)‘ + (%}:}x)] = O(exp[—glchpl‘y" —b,chp, ‘y”),gl >0.(18)

We choose o, with the following inequality p, < p, < p.

Using estimates (18), we obtain the fulfillment of condition (9); therefore, the integral formula (2) holds in the
unbounded domain.

In the next theorem, we will prove the integral formula in an unbounded domain for growing vector functions
that satisfy system (1) in more general classes of growing functions.

Theorem 2. Let U ( y) be a vector function from the class U ( y) eC’ (G) NC (6) that satisfies system

(1) in the domain G and has the following growth inside the domain,

u(y)|<exp| o(expp|y|) [y] =¥+ V2 + . Yn ity >0,y €6,

as well as on the boundary of the domain has growth of the form,

<C _h TLIy[ =y2 +y, ? yedG,ax0
lu(y)|<Cexp|acosp,| ¥, > expp|y|[|y[ =7+, +..Ypi'y€6G,a=0, Then
the following integral formula is valid.

u (x):jMa(x,y)J(y)dsy,XEG, (19),

where M_(X,y)= (E(CDU (»,x))D’ (%)}D(f ), (0
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Proof. Using the planeymza we divide the domain G into two domains.

G, = {(y);O <y, < g}uG2 = {(y),g <y, < h} [For domain G, , we define the function K (W) as

Iilo(v\\/l\j:) =K (w)exp{—&hir(w — 2) — ochi (w- gﬂ

w=y +1iv,6,>0,0>0,p<7<2p,0< ymsg,OSXmsE

(21),

Where function K(W) is defined by formulas (13), (14), and (15). Then we denote CDU (y,x) by
(DG+ (y, x) . We use the following inequality.

7z 7h hy zh =«
——<——<7| Y, —= |[<—<—,

2 4 2) 4 2
Then the following inequality holds.

cow(ym —2)250, yeG, UG, (22)

Using inequality (22) and estimating the function @_ ( y,x) and its first-order derivatives, we obtain the
following asymptotic estimate when Yy — oo,

|®a(y’x)|+£%x?}’ﬂj:O(EXp[_5OChT‘y“:|)’p<T<2'0 I u(y)eCl(Gl)ﬂC(al)

satisfies the systems (1) in domain G1 have the growth conditions for the function U ( y) and its first-order
derivatives.

au(y)
oY,
in (21), 2p —& <7 <2 then by the proven Theorem 1, we obtain the following integral formula.

u(x)= : M, (X, yu(y)ds,, xeG,, (23)

Where I\:G;(X,y):(E(@;(y,x))D*(%ij(tT) it u(y)eC*(G,)NC(G,) satisfies the

systems (1) in domain (32 have the growth conditions for the function U ( y) and its first-order derivatives.

au(y)

u(y)|+ < Cexp[(expz,o—g‘y")},‘y"2 =y’ +Vy, 2 +..y, 2,yeG,e>0 Choosing

u(y)|+ gCexp[(expz,o—g‘y'm,‘y"2 =y’ +y2+..y. 2 yeG,e>0

Then the following integral formula holds

u(x)= _[ M, (X, yl(y)ds,, xeG,.(24)

3G,

Copyright © 2022 The Author(s): This work is licensed under a Creative Commons Attribution- NonCommercial-NoDerivatives 4.0 35
(CC BY-NC-ND 4.0) International License

Publisher: SARC Publisher



Malikov, Z. and Umirzakova, | Sarc. Jr. Appl. Sci. vol-5, issue-8 (2025) pp-30-37

0

Where MG(X,y):(E(cbg‘(y,x))D*(&DD(tT)

Here @, (,x) is defined by formulas (13), (14), and (15), where K (W) is replaced by K, (W), the
expression defined by the equation.

K, (W)= K (W)exp{—&hir(w— h)- 5lcpi(w—gﬂ,

h h
=—+—,0,>0,06>0

IFU ( y) € Cl(G2 ) NC (G_z) satisfies the systems (1) in domain G,, have the growth conditions for the

function

u(y)|< Cexp{acom(ym —gjexr)pl\y'ﬂ,\y'\z =Y, Y, Yoy Y €0G,a20,((25)

Then the integral formula of the form (24) holds.

Under the presence of boundary growth conditions, the integrals (23) and (24) converge absolutely and
uniformly with respect to the parameter & >0 for all values. X € G no >0 . Letus put 6 =0 combine
the integral formulas to obtain.

u(x)= I M, (x,yu(y)ds,, xeG, (25,  where
oG

* a T
M, (X y)=| E\D, (y,x))D"| — | |D
(%) ( (@, (3x)) (axD (")
Here @_(y,x) is defined by the formula.

@, (3,%)=(@", (y.x)) _ +(@7,(»x)),

Functions @_ (y, x) are defined by the formulas(13), (14), (15), where K (W) is defined by (A), where it is

assumed that 0 = 0 The integral formula holds for any ¢, > 0. By assuming 0, = O we obtain the proof of
the theorem.
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