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Abstract: This work examines the electronic band structure of bilayer armchair-type graphene nanoribbons arranged in the AB 

stacking pattern. The investigation is conducted using the long-wave generalised effective Hamiltonian and the tight approximation 

method. This investigation involved calculating the energy gap values for various electron hopping energy levels between two layers. 
Additionally, the widths were varied from N = 1 to N = 10, with increments of 5 until reaching N = 50. An evident correlation was 

detected between the electron hopping energies and the energy gap and width of the nanoribbon. Specifically, as the electron hopping 

energy dropped, both the energy gap and the breadth of the nanoribbon increased. The nanoscale had a non-uniform impact on the 

energy gap values, unlike the abrupt change in energy caused by certain boundary conditions when solving the Schrödinger equation 

around the Dirac points K in the Fermi plane. At certain values, the material exhibits metallic behaviour, while at others it acts as a 
semiconductor. Hence, this study provides valuable insights into the properties of graphene. Theoretical confirmation suggests that 

the energy gap can be manipulated by adjusting the hopping energies of electrons between two layers of armchair-type graphene 

nanoribbons with a specific stacking pattern (AB-AB). Additionally, the width of the nanoribbon also influences this effect. 

Keywords: Multilayers Armchair Graphene Nanoribbon (MLAGNRs), Band Structure, Energy Gap, Tight Binding 

Approximation. 

 

INTRODUCTION 
Graphene, discovered in 2004 by Andre Geim and 

Konstantin Novoselov, has attracted scientific 

interest due to its remarkable features 

(Wasalathilake, K. C. et al., 2020). It is regarded 

as a semiconductor material with a zero-energy 

gap. The magnitude of this energy gap may be 

manipulated by several elements, mostly through 

engineering techniques, without necessitating 

alterations to the crystal structure of graphene, as 

is often done with conventional semiconductors 

(Potbhare, A. K. et al., 2024). Due to its significant 

property and the scientific advancements in 

miniaturising electronic devices, several 

researchers were motivated to investigate the 

electronic characteristics of graphene. This 

research article falls within the scope of this 

research area (Gosling, J. H. et al., 2021; Gosling, 

J. H. et al., 2021). Graphene is classified as a two-

dimensional (2D) substance (Kotov, V. N. et al., 

2012). The carbon atoms are organised in a 

hexagonal lattice structure like a honeycomb (Di 

Bernardo, I. et al., 2018). Due to carbon's 

tetravalent nature, it is capable of forming two 

distinct forms of covalent bonds (Gosling, J. H. et 

al., 2021). The strong form of bond between 

carbon atoms in the honeycomb structure is known 

as (δ). The other is feeble, referred to as (π)( Neto, 

C. et al., 2009). The bonds in the graphene lattice 

are formed by SP
2
 hybridisation (Barlocco, I. et 

al., 2020). The final bond is accountable for the 

entirety of the electronic, electrical, thermal, and 

magnetic characteristics. The mechanical 

characteristics are determined by the bond (δ)( 

Novoselov, K. S. et al., 2007). The majority of 

graphene's characteristics, including as its 

exceptional electrical and thermal conductivity, as 

well as its electronic properties, manifest mostly 

near its edges (Balandin, A. A. 2011; 

materials 10.8 (2011): 569-581. 
 

Renteria, J. D. et al., 2014). Hence, graphene 

edges are categorised into two primary types: a 

zigzag-shaped edge and another referred to as an 

armchair (Enoki, T. et al., 2012). Additionally, 

there exists a third category that is a blend of the 

two primary categories. The crystal structure of the 

graphene lattice consists of two sub lattices, 

known as the A and B lattices, which are not equal 

in size (Yang, G. et al., 2018). The π bond in the 

electronic structure of the lattice is in close 

proximity to the Fermi level, and its electrons 

exhibit the characteristics of massless fermions 

(Zhan, D. et al., 2012). The valence and 

conduction bands of this crystal structure intersect 

at the unequal Dirac points, known as (𝐾+, 𝐾−), 
which form two opposed cone shapes 

(Wakabayashi, K. et al., 2010). Recently, there has 

been a focus on researching graphene nanoribbons, 

which may be classified into two categories based 

on their edge structure. The initial category is 

referred to as zigzag, whereas the subsequent one 

is denoted as armchair (Liu, J., & Feng, X. 2020). 

The first kind is distinguished by a pronounced 

edge effect in close proximity to the Dirac points, 

resulting in the nanoribbon exhibiting metallic 

behaviour. Regarding the second kind, it has the 

potential to be It exhibits metallic or 

semiconductor properties based on specific 

boundary conditions at the Dirac points, which are 
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defined by the equation       . The 

armchair-type graphene nanoribbon exhibits 

metallic behaviour, whereas the condition (     

or       ) indicates semiconductor properties 

(Wakabayashi, K. et al., 2009; Sun, Q. et al., 

2020). If the core tape consists of a single layer, 

these two criteria are applicable. However, when 

the core tape is composed of double or triple 

layers, the presence of multiple layers disrupts 

these two conditions. Here,   represents an integer 

and   denotes the number of atom locations on the 

edge of the nanoribbon  (Majid, M. J., & Alaa, M. 

H. 2018). When it comes to multilayer graphene, 

whether it is in the form of flat sheets or 

nanoribbons, there are two fundamental ways in 

which it can be stacked: either in an ABC-ABC 

pattern or an AB-AB pattern (Lavor, I. R. et al., 

2020). Van der Waals forces mediate the 

interaction between many layers of graphene and 

have a limited impact on its electrical 

characteristics due to the treatment of the π 

electrons linked to the weak bond as particles. 

Massless particles, also known as free-moving 

particles, are governed by the Dirac equation for 

free electrons (Lee, J. H. et al., 2015). The electric 

characteristics of graphene nanoribbons exhibit 

variability based on several parameters, such as the 

specific stacking arrangement. This research study 

will utilise AB stacking and a bilayer 

configuration. The electrical characteristics of 

these nanoribbons are determined by two 

additional factors: the width of the nanoribbons 

and the hopping energy, which refers to the ability 

of an electron to move between the two layers 

(Richter, N. et al., 2020). This energy influences 

the difference in energy levels between the two 

layers. Graphene nanoparticles exhibiting 

semiconductor behaviour. The hopping energy 

may be computed using a tight binding 

approximation (Behura, S. K. et al., 2019). 
 

Computation Details 

Graphene nanoribbons may be categorised into 

two fundamental types: armchairs and zigzags, as 

previously noted. Furthermore, apart from the 

aforementioned distinction, there exists a 

significant disparity between them that compels us 

to examine the first category. Firstly, there is an 

estimated discrepancy of 30 in the edge angle 

(Zhang, J. et al., 2019; Kim, J., Lee. Et al., 2018). 

The second form, zigzags, exhibits localised 

energy states while the first type does not. The 

armchair represents different energy levels, and as 

a result, the energy band structures may be 

represented visually based on the transverse 

wavenumber. We can consider the transverse 

wavenumber as quantised values in momentum 

space. Regarding the second type, it is not possible 

to do so because the wavenumber of the 

longitudinal wave is influenced by both the 

wavenumber of the transverse wave and the width 

of the nanoribbon. Therefore, we have selected 

Armchair type graphene. tapes to analyse the 

energy band structures, which can be utilised in the 

production of graphene-based electronic chips 

(Lavor, I. R. et al., 2020). 

 

 
Fig:1 shows a grapheme a represents the 

 

Figure 1 depicts the actual and mirrored hexagonal 

lattice structure of graphene. It is widely 

recognised that the hexagonal lattice does not 

conform to the characteristics of a paravisian 

lattice. Hence, the hexagonal lattice is partitioned 

into two triangular paravisian lattices (Thomson, 

A. et al., 2018), shown by the red and blue dots in 

Figure (1a). The fundamental transition vectors of 
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the paravisian lattice, denoted as    and   , are 

expressed as: 

   
 

 
(  √ )       ,       

 

 
(   √ )  

The variable   denotes the distance between two 

carbon atoms in the paravisc lattice, with an 

estimated value of  =0.142 nm. (Molitor, F. et al., 

2011) In regards to the reverse lattice of graphene, 

seen in Figure (1b), the vectors    and   may be 

expressed as follows: 

   
  

  
(  √ )      ,       

  

  
(   √ )                                                                    

2 

Fig (1b) displays two crucial sites that significantly 

influence the electrical characteristics of graphene 

sheets and nanoribbons. The entities in question 

are   and  ̅. The two points are referred to as 

Dirac points, and their locations in momentum 

space are determined using the following 

equations. 

  
  

  
(  

 

√ 
)      ,      ̅  

  

  
(   

 

√ 
)                                       

3 

The vectors (        ) in real space correspond to 

the three closest neighbours, and their positional 

equations are expressed in the following forma 

(Neto, C. et al., 2009): 

   
 

 
(  √ )  ,    

 

 
(   √ )  ,      (   )                                                     

4 

 

 
Fig. 2: The diagram indicates a graphene nanoribbon of length L and width W respectively with armchair edges (AGNR). 
 

In Figure 2, the width of the armchair type 

graphene nanoribbon is calculated by counting the 

number of carbon atom positions in the unit cell in 

the y direction, according to the given relationship. 

  
 

 
  √                                                                                                              

5 
 

The variable    denotes the lattice constant of 

graphene, whereas N indicates the number of 

carbon atom locations in the unit cell along the 

width of the nanoribbon. The energy of the 

armchair graphene nanoribbon may be determined 

using the tight-binding approximation, which 

relies on the nearest-neighbor connection (Molitor, 

F. et al., 2011). 

 (    )                                                                                                            
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  √      (  )    (
 

 
)   (   (  ))

 
                                                            

7 
 

Relation 6 describes the energy in momentum 

space, specifically in terms of the wave vector k. 

In this context,    represents the quantised values 

of the transverse wave vector. The symbol 

  represents the Fermi velocity of electrons on the 

surface of the graphene nanoribbon, which is 

approximately 300 times smaller than the velocity 

of light in a vacuum (       ⁄ )( Tene, T. et al., 

2022). Lastly,   represents the longitudinal wave 

vector for the wave packet. The boundary 

conditions of the armchair graphene nanoribbon 

(AGNR) for the transverse component of the 

  wave vector allowed us to determine the 

quantised values of    and the subsequent results: 

   
 

 √ 

 

   
   ,                                                                                            

8 

The bond length of the graphene sheet lattice is 

represented by   and   is an integer (Lavor, I. R. et 

al., 2020) The Hamiltonian that accurately 

describes the behaviour of graphene nanoribbons 

in the first Brillouin zone, namely at the K point of 

AB stacking, may be mathematically represented 

as follows: 

      (
      
       
      

)                                                                                    

9 

Where     represent the       coupling matrix as 

follows:   

  
 

   
(
   
  

)                                                                                                             

10   

The symbol   denotes the energies associated with 

electron movement between the two layers of 

graphene nanoribbon in AB stacking (Lavor, I. R. 

et al., 2020). These energies may be determined 

using the following general equation:  

   ∫  
 (    )   (        

 
   )                                                             

11 
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           ,        ,          Where A and 

B refer to the graphene sublattice,   represents the 

distance between the layers of graphene, which is 

approximately equal to          .    
  

 (
 

√ 
    ) ,    

   (
  

 √ 
 
 

 
  ) ,    

  

 (
  

 √ 
 
  

 
  ).    

 
denotes the spatial coordinates 

of the atoms within the binary graphene lattice. For 

this study, we selected three specific numbers to 

represent the electron hopping energy in a 

graphene nanoribbon consisting of two layers 

arranged in the AB stacking manner. These values 

are(Partoens, B., & Peeters, F. M. 2006; Chung, D. 

D. L. 2002) 

                    

                   

                   
 Figure 3 depicts two layers of graphene 

arranged in AB stacking, with the 

corresponding values denoted as   . 
 

 
Fig. 3: Schematic diagram of AB-stacked bilayer graphene with electron hopping energies shown          

(Konschuh, S. et al., 2012) 
 

The monolayer graphene Hamiltonian is directly 

represented by the diagonal in Equation (9). At 

low energy levels, about. The generalised 

Hamiltonian may be restated in the following 

manner: 

  ( )  
(    )

 

    
(       

     
)                                                                                   

12 

The symbol   denotes the polar angle in a two-

dimensional momentum space, whereas n 

represents the number of layers. The physical 

boundary conditions at the borders of the armchair 

graphene nanoribbon are as follows: 

  (   )    (   )    (   )  
  (   )                                           13 

Here is the spinor wave function of the 

Hamiltonian: 

 ( )       (
  ( )
  ( )

)                                                                                                 

14 

The below text is an approximate representation of 

the generalised formula for the energy spectrum of 

an n-layer (AB) stacking armchair graphene 

nanoribbon (Majid, M. J., & Alaa, M. H. 2018). 

       √      (  
 )    (

  

 
)   

[   (  
 )]

 

    
                                                      

15 

where     
  (                 stand for 

the valence and conduction energy bands, 

respectively.  The transversal wave number      is 

given by: 

   
  

   
 ,                                                                                                   

16 
 

This approximation becomes more important as 

the number of layers (n) grows and is only valid 

for the low-energy range of energy. The direct 

energy gap of Armchair graphene nanoribbons is 

always seen at the k = 0 point. 
 

DISPLAY RESULTS 
This section examines the electronic structure 

ranges of an armchair-type graphene nanoribbon 
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with AB stacking. The analysis focusses on the 

width of the ribbon and the hopping energy of 

electrons between two layers of the graphene 

nanoribbon. Three specific values of the hopping 

energy (                      ) are 

considered. The width of the ribbon ranges from 

N=1 to N=10, with a regular increase in the 

number of atoms. First, start with N=10 and 

increase it by five atoms until N=50. By using 

equations 15 and 16. The forces between the layers 

are van der Waals forces, which are known to be 

minimal. Although these forces were initially 

disregarded in the computations, their impact 

indirectly manifests through the levels of electron 

hopping between the two layers, denoted as  . We 

will analyse the impact of both the nanoribbon's 

width and the hopping energy of the electrons 

between the two layers on the electrical structure 

bands. We will examine the impact of these two 

variables on the energy gap values of this specific 

type of graphene nanoribbons and this particular 

stacking technique. 
 

Table 1. shows the energy gap values for different values of electron hopping energies between two layers of 

armchair type graphene nanoribbon for different values of width in terms of N. 

                               
Eg Eg Eg N 

63892.0 63.2322 6302920 1 
6360026 6360620 6310360 8 
6385980 63..360 6321050 . 
6300960 6352.30 13.2200 0 
6360020 6360620 6310360 5 
6360150 6369.80 6388588 0 
6360.20 63825.2 6302902 3 
6361398 6360620 6310360 2 

6368300 6312628 630.092 9 
6361090 6368190 6365.62 16 
6363580 6360298 638.000 15 
6360020 6360620 6310360 86 
63663.0 636.390 6369152 85 
6368656 6368000 6360000 .6 
636101 63612.8 63600. .5 
6368898 6368920 6363868 06 
6366230 6361620 6368088 05 

6366500 6366500 6361.10 56 
 

Table 1 displays the energy gap values for three 

electron hopping energy levels and several width 

values. We have made many observations. 

Typically, the impact of the hopping energy is 

evident in the energy gap values, which exhibit an 

inverse relationship with the electron hopping 

energy. This means that as the hopping energy 

decreases, the energy gap grows. This connection 

holds true for a given nanoribbon width. This 

alteration is not comprehensible from a physical 

perspective. Indeed, the clarity of the situation is 

evident in the context of equations, namely 

Equation 15. However, from a physical standpoint, 

the rationale for this phenomenon may be 

attributed to the well-established fact that graphene 

is classified as a semiconductor material with a 

zero-energy gap, thereby exhibiting metallic 

behaviour. In order to create an energy gap without 

any external factors, we can modify the geometric 

dimensions of a single layer or increase the 

number of layers. In this context, the electron 

hopping energy has a subordinate significance. As 

previously mentioned, the hopping energy varies 

depending on the type of transition. Due to the 

nearly constant electron energy inside a single 

layer, the electron depletes its energy when 

transitioning between graphene layers. 

Consequently, when the hopping energy is low, the 

electron preserves a greater amount of energy 

compared to when the hopping energy is high, 

enabling it to occupy higher energy levels. The 

energy gap represents the disparity in energy levels 

between the conductivity and valence bands. 

Consequently, when the jump energy is minimal 

and the nanoribbon width remains constant, the 

energy gap values tend to be significant. The 

clarity of the information may be observed by 

examining Figures 4, 5, 6, 7, and 8, which depict a 

collective total of 54 Figures illustrating energy 

and k in momentum space. Figure 3 displays the 
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energy spectrum of a graphene nanoribbon with an 

armchair shape and a width of N=3. The graph 

illustrates the impact of different electron hopping 

energies on the energy gap. 
 

 
Fig.4. Energy spectrum of N=3 bilayer armchair graphene nanoribbon for different electron hopping energy values: (a) 

       , (b)           (c)         . 
 

 
Fig. 5: Energy spectrum of N=4 bilayer armchair graphene nanoribbon for different electron hopping energy values: (a) 

       , (b)           (c)         . 
 

Figure 5 displays the energy spectrum of a 

graphene nanoribbon with an armchair shape and a 

width of N=4. The spectrum is shown for three 

different values of electron hopping energy. The 

impact of the hopping energy on the energy gap is 

evident, and our calculations indicate that the 

optimal value is  =0.12eV. Additionally, when 

compared to the other figures, the best result is 

achieved with a width of N=4. 
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Fig. 6: Energy spectrum of N=7 bilayer armchair graphene nanoribbon for different electron hopping energy values: (a) 

       , (b)           (c)         . 
 

Figures 6, 7, and 8 depict the width in relation to N 

values of 7, 9, and 15. By comparing these figures 

with the energy gap values from Table 1, we 

observe that the arrangement of energy gap values, 

when γ is set to 0.12, follows a descending order 

from highest to lowest for N values of 7 and 9, and 

then 15. However, when the value of   is 0.29, we 

observe that the energy gap value at N = 15 is 

lower than the previous arrangement, as well as for 

         . Therefore, we are unable to identify a 

consistent pattern that determines the energy gap 

values when the nucleus band width and electron 

hopping energy values vary. The maximum energy 

gap value among the three cases always occurs at 

N = 4, with the optimal value being         . At 

this point, the energy gap (Eg) is equal to 1.38846, 

which is comparable to traditional semiconductors 

like silicon and germanium (Eg = 1.08, 0.65eV) as 

individual elements (Herman, F. 2007), as well as 

compounds like indium phosphide (InP) (Eg = 

1.42eV) and gallium arsenide (Eg = 1.43eV). 

Regarding traditional semiconductors (Gayen, R. 

N. et al., 2012). 

 

 
Fig. 7: Energy spectrum of N=9 bilayer armchair graphene nanoribbon for different electron hopping energy values: (a) 

       , (b)           (c)         . 
 



  

 
 

39 
 

Bashar, H. Z. Sarc. Jr. Appl. Sci. vol-5, issue-9 (2025) pp-32-42 

Copyright © 2022 The Author(s): This work is licensed under a Creative Commons Attribution- NonCommercial-NoDerivatives 4.0 
(CC BY-NC-ND 4.0) International License 

Publisher: SARC Publisher 
 

 
Fig. 8: Energy spectrum of N=15 bilayer armchair graphene nanoribbon for different electron hopping energy values: (a) 

       , (b)           (c)         . 
 

Figure 9 illustrates the correlation between the 

width of the armchair graphene nanoribbon and the 

energy gap values for three different electron 

hopping energy values. There is a noticeable 

resemblance in the trend of energy gap values 

changing with width for the values          and 

0.29, in contrast to when          . The 

explanation for this may be attributed to the 

proximity of the two numbers, since the 

discrepancy between them is around 0.17, but the 

discrepancy between           and          is 

nearly 0.25. Additionally, we see a distinct 

anomaly in the fluctuations of the energy gap 

values, particularly at lower width values. 

However, a pattern starts to emerge as the width 

value reaches N = 10 for all three forms a, b, and c. 

It can be inferred that when the width of the 

armchair graphene nanoribbon is within the range 

of N=1 to N=9 and the electron hopping energy 

between two layers of graphene is low, the regular 

pattern in the energy gap change with the width of 

the nanoribbon is lost. The regular pattern in the 

energy gap values only starts to emerge when the 

width increases, particularly when the width of the 

nanoribbon is N>10. 

 

 
Fig. 9. Energy gap as a function of width of graphene nanoribbon armchair for different values of N 
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All the data we obtained are in close proximity to 

the Fermi surface at the Dirac points in the first 

Berlon area. Upon revisiting Table 1, we observe 

an intriguing phenomenon: the energy gap values 

remain stable despite variations in the nanoribbon's 

width for N = 2, 5, 8, and 20. Specifically, this 

stability is evident for γ values of 0.12 and 0.29, 

while a delay in this stability occurs at N = 8 when 

         . It is important to observe that once N 

reaches certain values, the characteristics of 

graphene shift from those of a semiconductor with 

a suitable energy gap to those of a nearly 

conductive material. This transition has significant 

implications for the production of nanodevices. As 

the width of the nanoribbon increases, the energy 

gap decreases and the energy bands at the Dirac 

points start to flatten. It is worth noting that the 

flattening of the energy bands occurs more rapidly 

when          , indicating a higher electron 

hopping energy. Armchair graphene bands have a 

natural behaviour characterised by a mild edge 

effect, in contrast to zigzag bands, which have a 

large impact on the electrical characteristics. As 

the width increases, the nanoribbon approaches a 

state of  
 

being a completely flat graphene sheet. Graphene 

is a well-known semiconductor that lacks an 

energy  

gap, meaning it acts similarly to a metal. 

Additionally, the impact of transverse wave vector 

quantisation diminishes as the width of graphene 

grows. In this work, we observed that at N=25, the 

values of   were 0.12 and 0.29, respectively. 

Additionally, at N=15, the value of   was 0.377. 

This indicates that when the electron hopping 

energy and the width of the armchair graphene 

nanoribbon with AB stacking increase, the 

behaviour transitions from being a semiconductor 

to a conductor. Regarding the exceptional instance 

of the energy gap values described earlier, we were 

unable to provide a plausible physical explanation 

to account for this particular occurrence. 
 

FINAL CONCLUSIONS 
The present work investigated the electronic 

structure of a graphene nanoribbon by employing 

the AB technique. The study examined how the 

width of the nanoribbon and the energy of electron 

hopping between the bilayer affect its electronic 

structure. Based on the observed data, we have 

determined that there is a distinct correlation 

between the energy of electron hopping and the 

values of the energy gap. This connection is non-

linear and inverse, meaning that as the energy of 

electron hopping decreases, the energy gap values 

increase. Regarding the width, we observed that 

decreasing the width resulted in bigger energy gap 

values. This is because the quantisation of the 

transverse wave vector has a substantial impact. 

As the width of the nanoribbon rose, the behaviour 

transitioned from being semiconductor-like to 

conductive. The most optimal outcomes for 

producing semiconductor materials using 

graphene, with an energy gap similar to traditional 

semiconductors, were seen when the values of N 

were 4, 3, 7, 9, and 15, and the hopping energy 

was nearly equivalent to          and 0.29. 

Hence, this theoretical investigation can serve as a 

valuable addition to our understanding of the 

electronic characteristics of graphene under 

specific circumstances. Furthermore, it can aid in 

keeping up with the remarkable advancements in 

the production of nanodevices using graphene. 
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